On Primitive Roots of One-Dimensional Tori  by Chen, Yen-Mei J
23
⁄ 0022-314X/02 $35.00© 2002 Elsevier Science (USA)All rights reserved.
Journal of Number Theory 93, 23–33 (2002)
doi:10.1006/jnth.2001.2706, available online at http://www.idealibrary.com on
On Primitive Roots of One-Dimensional Tori1
1 Research partially supported by National Science Council, Republic of China.
Yen-Mei J. Chen
Department of Mathematics, Tamkang University, Tamshui, Taipei, Taiwan
E-mail: ymjchen@mail.tku.edu.tw
Communicated by D. Goss
Received June 10, 2000
We exploit an analogue of Artin’s primitive roots conjecture for one-dimensional
tori over Q. Let T be a one-dimensional torus over Q, and let P ¥ T(Q) be a
nontorsion point. Under Generalized Riemann Hypothesis, we derive an explicit
density formula for the set of rational primes a such that P modulo a generates
T(Fa). © 2002 Elsevier Science (USA)
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INTRODUCTION
Let T be a one-dimensional torus over Q, and let P=(x0, y0) ¥ T(Q) be
a nontorsion point. We are interested in the set MP consisting of rational
primes a where T has good reduction T˜ and P modulo a generates the
abelian group T˜(Fa). The case T=Gm dates back to Artin. The well-
known Artin’s conjecture (1927) asserts that for every nonzero non-square
rational integer a ] ±1 the set of rational primes a for which a is a
primitive root possesses a positive density. This conjecture was proved by
Hooley [3] in 1967 under the Generalized Riemann Hypothesis (GRH).
The purpose of this paper is to generalize Hooley’s Theorem to all
one-dimensional tori over Q.
Our main result is the following.
Theorem 1. Let T be a one-dimensional torus over Q, and let P ¥ T(Q)
be a nontorsion point. Assume GRH holds. Then the setMP has a (Dirichlet)
density, given by den(MP)=d ·A, where A=<q prime(1− 1q(q−1) ) is the Artin’s
constant and d is a rational number, which can be explicitly determined from
(T, P). Moreover, we have d > 0 if and only if P ¨ T(Q)q for all primes q
dividing #Tor(T(Q)).
In view of Hooley’s work, we only need to consider those tori T which
are not isomorphic to Gm over Q. However, any such torus is isomorphic
to Gm over an unique quadratic field K, because the only automorphisms
of Gm are ± id. Therefore, such torus T can be described by a quadratic
equation of the form x2−my2=1, where m is a square-free integer. And
there exists a bijective map Y from T(Q) to the set VK of elements in
K=Q(`m) with norm 1: Y: (x, y)N x+y`m . Denote the image of P
under Y by a. i.e. a=x0+y0 `m . Denote byMa the set of rational primes
a where K/Q is unramified and a modulo a has order a−1(resp. a+1), if a
splits (resp. is inert) in K. Then Ma and MP only differ by a finite set and
Theorem 1 is an immediate consequence of the following Theorem 2.
Theorem 2. Let K be a quadratic field and given a ¥ VK, which is not a
root of unity. Assume GRH holds. Then den(Ma)=d ·A, where d is a rational
number explicitly determined from (K, a).
Moreover, we have
d > 0 . ˛a ¨ (VK)2 if K ]Q(`−3),
a ¨ (VK)2 2 (VK)3 if K=Q(`−3).
In Section 1, we set up the notations and introduce some algebraic tools.
In Section 2, we calculate the density assuming GRH. Theorem 2 is proved
in Theorem 2.2 and Theorem 2.5. Finally we note that both Roskam [6]
and Chen et al. [1] have proved a special case of Theorem 2, where K is
taken to be real quadratic and a a fundamental unit.
1. ALGEBRAIC PRELIMINARIES
Let m be a fixed square-free integer, K=Q(`m), and a=x0+y0 `m a
fixed element in K with NKQa=1, which is not a root of unity. Let s0
denote the generator for the Galois group of K over Q, and let y denote the
complex conjugation. Denote P to be the set of rational prime numbers,
and Fr to be the finite field with r elements.
Notations. Let q ¥ P.
E1=K, KŒ=Q 1`a+ 1`a2 , Kœ=Q 1`a− 1`a2 .
mq= the group of qth roots of unity.
Eq=K(mq, q`a).
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En=<q | n Eq for any square free positive integer n.
Gn= the Galois group of En over Q.
dn=#Gn=[En : Q].
C−n={s ¥ Gn : s|K=s0, s|Q(mn)=y, s
2=id, and s|KŒ=id if 2 | n}.
c−n=
#C−n .
(a, E/Q) is the Artin symbol, where E/Q is finite Galois and prime a
is unramified in E.
Remark. Suppose a ¥ (Ka)2, i.e., `a ¥K. If NKQ `a=1, then clearly
den(Ma)=0. Hence, we are interested only in the case that N
K
Q `a=−1,
whenever a ¥ (Ka)2. In this case, K has to be real, KŒ=K, and Kœ=Q.
Proposition 1.1. (a) If a splits in K, then #T˜(Fa) is cyclic of order
a−1.
(b) If a is inert in K, then #T˜(Fa) is cyclic of order a+1.
Proof. (a) If a splits in K, then T˜ is isomorphic to Gm over Fa.
(b) If a is inert in K, then the composition of Y and reduction maps
(mod a) results in an embedding Y˜a: T˜(Fa)+ Faa2. Therefore, it suffices to
note that T˜(Fa) maps to elements of norm 1 in Fa2. L
Lemma 1.2. Let a be a prime which splits in K with orda(y0)=0. Let q
be a rational prime. Then the following conditions are equivalent:
(1) q | (a−1) and a¯ (a−1)/q=1 in (OK/^OK)a, where^ | a is a prime inOK.
(2) a splits completely in Eq/Q.
(3) (a, Eq/Q)=id.
Proof. Since OK/^OK 5 Fa, (1)Z q | a−1 and xq — a mod^ has a
solution in OK. Hence (1) is equivalent (2) as well as (3). L
We set
M+a={a ¥ P : a splits in K and the order of a modulo a is a−1},
M−a={a ¥ P : a is inert in K and the order of a modulo a is a+1}.
ThenMa=M
+
a 2M−a and we have the following
Corollary 1.3. Let a be a prime which splits in K with orda(y0)=0.
Then a ¥M+a if and only if (a, Eq/Q) ] id for any prime q.
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To studyM−a we start with
Lemma 1.4. Let a be an odd prime which is inert in K with orda(y0)=0.
(a) Let q be an odd prime. Then the following conditions are equiv-
alent:
(1) q | (a+1) and a¯ (a+1)/q=1 in (OK/aOK)a.
(2) q | (a+1) and a splits completely in Eq/K.
(3) (a, Eq/Q) ı C−q .
(b) The following conditions are equivalent:
(1) a¯ (a+1)/2=1 in (OK/aOK)a.
(2) a splits completely in KŒ/Q.
(3) (a, E2/Q) ı C−2 .
Proof. Let c be an element in OK satisfying Oc¯P=(OK/aOK)a. Since
a¯a+1=1, one has that a¯=c¯ (a−1) t for some integer t.
(a) It is easy to see that
(1)Z q | a+1 and xq — a mod a has a solutionZ (2).
Recall that a is inert in K if and only if (a, K/Q)=s0 and also that
q | (a+1) if and only if (a, Q(mq)/Q)=y. We have (2)Z (3), because that
a splits completely in Eq/K is equivalent to s2=id for all s ¥ (a, Eq/Q).
(b) Since orda(y0)=0, a¯ ¨ Fa and`a¯=c¯ (a−1) t/2 ¥ Fa2−Fa. We have
(1)Z t is evenZ`a¯
a+1
=1
Z 1`a¯+ 1
`a¯
2a=`a¯+ 1
`a¯
Z`a¯+ 1
`a¯
¥ Fa Z (2).
From the definition of C−2 , it is clear that (2)Z (3). L
Corollary 1.5. Let a be an odd prime which is inert in K with
orda(y0)=0. Then a ¥M−a if and only if (a, Eq/Q) ł C−q for any prime q.
Let s be the largest positive integer such that a ¥ (Ka) s and for any
positive integer n, let n1=n/gcd(s, n). The following Lemma gives a
formula for dn.
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Lemma 1.6. For a square-free positive integer n, let kn=K(resp.
K(`a)) if 2 h n (resp. 2 | n), we have
dn=˛ 2n1f(n)3[kn 5Q(mn) : Q] if K=Q(`−3), 3 | n and a ¥ (K(mn)a)3,2n1f(n)
[kn 5Q(mn) : Q]
otherwise.
Proof. Our argument is based on the following:
Sublemma. Let F be a field, K1 a finite abelian extension of F, and K2
be a finite extension of F which is not Galois but with prime extension degree.
Then K1, K2 are linearly disjoint over F and [K1K2 : K1]=[K2 : F].
For an odd prime q with q | n, let En, q=kn(mn, q`a). Note that kn(mn) is
abelian over K and that K(q`a) is not Galois over K except when K=
Q(`−3) with q=3. Also one has that [K(q`a) : K]=1 or q depending
on whether a ¥ (Ka)q. By the Sublemma, we have [En, q : kn(mn)]=
q/gcd(s, q) except when K=Q(`−3) with q=3. If K=Q(`−3) and
3 | n, then
[En, 3 : kn(mn)]=31 if a ¥ (K(mn)a)3,3 if a ¨ (K(mn)a)3.
(Note that a ¥ (K(mn)a)3 is equivalent to a ¥ (kn(mn)a)3.) Thus the En, q’s are
linearly disjoint over kn(mn) and we have
[En : kn(mn)]=3n −1/3 if K=Q(`−3), 3 | n, and a ¥ (K(mn)a)3,
n −1 otherwise,
where nŒ=n/gcd(2, n) (then n −1=nŒ/gcd(s, nŒ)). Therefore,
[En : Q]=[En : kn(mn)][kn(mn) : Q]
=[En : kn(mn)][kn : Q][Q(mn) : Q]/[kn 5Q(mn) : Q]
=˛ 2n1f(n)3[kn 5Q(mn) : Q] if K=Q(`−3), 3 | n, and a ¥ (K(mn)a)3,2n1f(n)
[kn 5Q(mn) : Q]
otherwise. L
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Lemma 1.7. (a) Suppose that s is odd. For a square-free positive integer
n, we have
c−n=˛0 if K is real with K ıQ(mn),or if KŒ is imaginary with KŒ ıQ(mn) and 2 | n,or if Kœ is real with Kœ ıQ(mn) and 2 | n,
1 otherwise.
(b) Suppose that K is real and s is even. For a square-free positive
integer n, we have
c−n=30 if either K ıQ(mn) or 2 | n,1 otherwise.
Proof. (a) If K is real with K ıQ(mn), it is clear that there exists no
element in Gn satisfying both s|K=s0 and s|Q(mn)=y. Therefore, C
−
n=”.
Similarly, if either KŒ is imaginary with KŒ ıQ(mn) and 2 | n or Kœ is real
with Kœ ıQ(mn) and 2 | n, there exists no element in Gn satisfying s|K=s0,
s|KŒ=id and s|Q(mn)=y and thus C
−
n=”.
Now, suppose that neither of the above holds. For a square-free positive
integer n, let nŒ=n/gcd(2, n). Choose s ¥ Gn such that s|K=s0, s|Q(mn)=y,
and s|KŒ=id, if 2 | n. After modifying s by an element of Gal(En/kn(mn))
we may assume that s(nŒ` a)=1/nŒ` a . Note C−n ı Gal(En/kn(mn)) s. Let zn
be a fixed primitive nth root of unity. Recall that Gal(En/kn(mn)) is iso-
morphic to Z/n −1Z and given an element r ¥ Gal(En/kn(mn)), it corresponds
to a unique integers i ¥ Z/n −1Z provided r(nŒ` a)=z in −1
nŒ` a . It is routine to
check that (rs)2=idZ 2i=0. Therefore, rs ¥ C−n if and only if i=0 and
thus c−n=1.
(b) Recall that K=KŒ. If 2 | n, then there exists no element in Gn
satisfying s|K=s0, s|KŒ=id. Hence C
−
n=”. The rest of the proof is
similar to (a). L
2. CALCULATION OF THE DENSITY
Given K=Q(`m), and fixing a=x0+y0 `m ¥K with NKQa=1 as in
the previous section. Following the analytic argument of Hooley [3], cf.
also Murty [5], it is not difficult to establish the existence of densities for
the sets of primesM+a andM
−
a . We just state the result here without proof.
Theorem 2.1. Assume GRH holds. Then both den(M+a ) and den(M
−
a ) exist
and are given by den(M+a )=; n (m(n)/dn) and den(M−a )=; n (c−n m(n)/dn).
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In order to derive a more explicit formula for the densities, we define for
a quadratic field F,
q(F)=31 if F is real,
−1 if F is imaginary.
For integers n and s, let
As= D
q | s, q ] 2
11− 1
(q−1)
2 D
q h s or q=2
11− 1
q(q−1)
2
1=A· D
q | s, q ] 2
q2−2q
q2−q−1
2
and
ks(n)=m(|n|) D
q | n, q | s, q ] 2
1
q−2
D
q | n, q h s
1
q2−q−1
.
Note that |ks(n)| [ 1 always hold.
Let DF denote the discriminant of quadratic field F. We have moreover
that |ks(DF)| [ 15 for all F except
ks(DF)=˛ −1 if F=Q(`−3) and 3 | s,− 13 if F=Q(`5) and 5 | s,
1
3 if F=Q(`−15) and 15 | s.
We are ready to derive an explicit density formula for the case
K ]Q(`−3).
Theorem 2.2. Assume GRH holds and suppose K ]Q(`−3). Let s be
the largest positive integer such that a ¥ (Ka) s. We have
(a) If s is odd, then the density ofMa is given by
den(Ma)=As 11+1−q(K)2 ks(DK)−1+q(KŒ)2 ks(DKŒ)
−
1−q(Kœ)
2
ks(DKœ)2 > 0.
(b) If K is real and s is even such that NKQ(`a)=−1, then the density
ofMa is given by den(Ma)=As(1−ks(DK)) > 0.
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Proof. We first determine the field KŒ explicitly. Suppose that a=
(a+b`m)/d, a, b ¥ Z, d ¥ Z+ with gcd(a, b, d)=1. One can write a+d=
2 im1b
2
1, a−d=2
im2b
2
2, with m=m1m2, b=2
ib1b2 and (`a+1/`a)2=
2(a+d)/d, where i=0(resp. i=1) if a – d mod 2 (resp. a — d mod 2). Then
it is easy to see that KŒ=Q(`21−idm1) and Kœ=Q(`21−idm2). Let
mŒ, mœ be the square-free integers so that KŒ=Q(`mŒ), Kœ=Q(`mœ),
respectively. Note that gcd(d, m)=1 and also that m < 0 implies mŒ > 0.
We set m0=lcm(m, mŒ, mœ).
(a) Suppose that s is odd. We will only write the case when
DK — DKŒ — DKœ — 1 (mod 4), and in other cases the proofs are similar.
Let n1=n/gcd(s, n). To compute den(Ma) in this case, we evaluate sums
S1, S2:
S1= C
2 h n, m h n
2m(n)
2n1f(n)
+ C
2 h n, m | n
11+(1−q(K))
2
2 m(n)
n1f(n)
=C
2 h n
m(n)
n1f(n)
+
1−q(K)
2
C
2 h n, m | n
m(n)
n1f(n)
.
S2= C
2 | n, m h n, mŒ h n, mœ h n
2m(n)
2n1f(n)
+ C
2m | n, m0 h n
11+(1−q(K))
2
2 m(n)
n1f(n)
+ C
2mŒ | n, m0 h n
11+(1+q(KŒ))
2
2 m(n)
n1f(n)
+ C
2mœ | n, m0 h n
11+(1−q(Kœ))
2
2 m(n)
n1f(n)
+ C
2m0 | n
2 11+(1−q(K))(1+q(KŒ))
4
2 m(n)
n1f(n)
=C
2 | n
m(n)
n1f(n)
+
1−q(K)
2
C
2m | n
m(n)
n1f(n)
+
1+q(KŒ)
2
C
2mŒ | n
m(n)
n1f(n)
+
1−q(Kœ)
2
C
2mœ | n
m(n)
n1f(n)
. (Note that q(Kœ)=q(K) q(KŒ).)
Applying Lemma 1.6, Lemma 1.7, and Theorem 2.1, we have
den(Ma)=S1+S2
=As 11+1−q(K)2 ks(m)−1+q(KŒ)2 ks(mŒ)−1−q(Kœ)2 ks(mœ)2 .
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For thepositivityof thedensity, note that 1−q(K)2 ks(DK)\ −
1
5, −
1+q(K−)
2 ks(DKŒ)
\ − 15, and −
1−q(K')
2 ks(DKœ) \ −
1
3. Therefore,
den(Ma) \ As(1− 15−
1
5−
1
3) > 0.
(b) Suppose that K is real and s is even with NKQ(`a)=−1. Recall
that KŒ=K, Kœ=Q, and c−n=0 if 2 | n. We will only prove the case when
DKŒ — DKœ — 1 (mod 4), since the case when DKŒ — DKœ – 1 (mod 4) can be
proved similarly. We have
den(Ma)=S1+ C
2 | n, m h n
m(n)
2n1f(n)
+ C
2m | n
m(n)
n1f(n)
=C
2 h n
m(n)
n1f(n)
−
1
2
C
2 h n, m h n
m(n)
n1f(n)
− C
2 h n, m | n
m(n)
n1f(n)
=
1
2
C
2 h n
m(n)
n1f(n)
−
1
2
C
2 h n, m | n
m(n)
n1f(n)
=As(1−ks(m)).
For the positivity, observe that |ks(DK)| [ 13, because K ]Q(`−3).
Therefore, den(M)=As(1−ks(DK)) \ As(1− 13 ) > 0. L
Example. Consider K=Q(`21) and e=(5+`21)/2, which is the
fundamental unit in K. If we consider a=e, then KŒ=Q(`7), Kœ=
Q(`3), and according to Theorem 2.2,Me=A(1−k1(DKŒ))=A. Similarly,
if we consider a=−e, then KŒ=Q(`−3), Kœ=Q(`−7), and M−e=
A(1−k1(DKœ))=
42
41 A.
Remark 2.3. If K is imaginary and s is odd, then KŒ(resp. Kœ) is
real(resp. imaginary) and den(Ma)=As(1+ks(DK)−ks(DKŒ)−ks(DKœ)).
For the case K=Q(`−3), let D3 be the least positive integer n such
that K(3`a) …K(mn). Call it cubic conductor of a in K. Recall a=bs0/b
for some b ¥ OK. May assume that gcd(b, bs0)=1. Since OK is an unique
factorization domain, can write b=±z j3 < ti=1 paii , where j ¥ {0, 1, 2}
(uniquely determined by a), t ¥ Z+, ai ¥ Z+, for every i ¥ {1, 2, ..., t}, and
pi’s are distinct primary primes in K. From the classical theory of cubic
Gauss sums (cf. [4, Chap. 9]), one knows that ps0i /pi ¥ (K(mpi ))
3, where
pi=N
K
Qpi. Then a/z
j
3 ¥ (K(mp1p2 · · · pt ))
3 and it is easy to check the following
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Proposition 2.4.
(a) If j=0, then D3 | p1 p2 · · · pt.
(b) If j=1 or 2, then 9 | D3 | 9p1 p2 · · · pt.
(c) Write a=(a+b`−3)/d, a, b ¥ Z, d ¥ Z+, with gcd(a, b, d)=1.
Then D3 | 9d.
If K=Q(`−3) and gcd(6, s) > 1, where s is the largest positive integer
such that a ¥ (Ka) s, then it is easy to see that den(Ma)=0. We have finally
(note that 1+ks(3)=
4
5, if 3 h s) :
Theorem 2.5. Let d0=gcd(DKŒ, DKœ). Assume GRH holds and suppose
K=Q(`−3). Suppose further that gcd(6, s)=1. Then the density of Ma is
given by
den(Ma)=
4
5 As(1−ks(d0)−ks(D3)+ks(lcm(d0, D3))) > 0.
Proof. If 9 | D3, then k(D3)=k(lcm(d0, D3))=0. The calculation of the
density of Ma is exactly the same as in Theorem 2.2, because a ¨ (K(mn)a)3
for all square free integer n. Since K is imaginary, according to Remark
2.3, we have
den(Ma)=As(1+ks(3)−ks(d0)−ks(3d0))
=45 As(1−ks(d0)) \ As(1−
1
3 ) > 0.
(Note that d0=DKŒ or −DKœ, 3 h d0, and thus −ks(d0) \ − 13.)
Now suppose that 9 hD3. Then D3 is square free. Note that KŒ(resp. Kœ)
is real(resp. imaginary) and thus c−n=1 for any square-free positive integer
n. Also note that DKŒ — DKœ (mod 4), because DK — 1 (mod 4).
We will only prove the case when DKŒ — DKœ — 1 (mod 4), and the proof
in the case when DKŒ — DKœ – 1 (mod 4) is similar.
Again we first compute two sums S1, S2 (note that gcd(6, d0)=
gcd(6, D3)=1):
S1= C
2 h n, 3 h n
2m(n)
2n1f(n)
+ C
2 h n, 3 | n, D3 h n
2m(n)
n1f(n)
+ C
2 h n, 3D3 | n
3 · 2m(n)
n1f(n)
=C
2 h n
m(n)
n1f(n)
+ C
2 h n, 3 | n
m(n)
n1f(n)
+4 C
2 h n, 3D3 | n
m(n)
n1f(n)
.
S2= C
2 | n, 3 h n, d0 h n
2m(n)
2n1f(n)
+ C
2 | n, 3 h n, d0 | n
2m(n)
n1f(n)
+ C
6 | n, d0 h n, D3 h n
2m(n)
n1f(n)
+ C
6 | n, d0 h n, D3 | n
6m(n)
n1f(n)
+ C
6d0 | n, D3 h n
4m(n)
n1f(n)
+ C
6d0 | n, D3 | n
12m(n)
n1f(n)
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=C
2 | n
m(n)
n1f(n)
+C
6 | n
m(n)
n1f(n)
+ C
2d0 | n
m(n)
n1f(n)
+ C
6d0 | n
m(n)
n1f(n)
+4 C
6D3 | n
m(n)
n1f(n)
+4 C
6d0 | n, D3 | n
m(n)
n1f(n)
.
Applying Lemma 1.6, Lemma 1.7, and Theorem 2.1, we have
den(Ma)=S1+S2
=C
n
m(n)
n1f(n)
+C
3 | n
m(n)
n1f(n)
+ C
2d0 | n
m(n)
n1f(n)
+ C
6d0 | n
m(n)
n1f(n)
+4 C
3D3 | n
m(n)
n1f(n)
+4 C
6d0 | n, D3 | n
m(n)
n1f(n)
=As(1+ks(3)+ks(2d0)+ks(6d0)+4ks(3D3)+4ks(6 lcm(d0, D3)))
=
4
5
As(1−ks(d0)−ks(D3)+ks(lcm(d0, D3))).
For the positivity of the density, recall that −ks(d0) \ − 15 and note that
|ks(D3)| [ 13, |ks(lcm(d0, D3))| [
1
3, because D3 \ 5. Therefore, den(Ma) \
(1− 15−
1
3−
1
3) > 0. L
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